Abstract. Classical homogenization theory based on the Hashin-Shtrikman coated ellipsoids is used to model the changes in the complex valued conductivity (or admittivity) of a lung during tidal breathing. Here, the lung is modeled as a two-phase composite material where the alveolar air-filling corresponds to the inclusion phase. The theory predicts a linear relationship between the real and the imaginary parts of the change in the complex valued conductivity of a lung during tidal breathing, and where the loss cotangent of the change is approximately the same as of the effective background conductivity and hence easy to estimate. The theory is illustrated with numerical examples, as well as by using reconstructed Electrical Impedance Tomography (EIT) images based on clinical data from an ongoing study within the EU-funded CRADL project. The theory may be potentially useful for improving the imaging algorithms and clinical evaluations in connection with lung EIT for respiratory management and monitoring in neonatal intensive care units.
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Introduction
Electrical Impedance Tomography (EIT) is a nonradiative, inexpensive technique that can facilitate real time dynamic monitoring of regional lung aeration and ventilation for clinical use [1] . The approach lacks spatial resolution, but it benefits largely from its high temporal resolution and is therefore currently emerging as a technique that can potentially reduce complications and disability in preterm babies by continuous bedside monitoring and respiratory management [2, 3] .
From a mathematical/physical point of view, EIT constitutes an ill-posed inverse problem [4] [5] [6] [7] , and the use of EIT as a successful imaging modality relies therefore on the effectiveness of creating difference conductivity images rather than to generate absolute reconstructions, see e.g., [8, 9] . The difference imaging approach benefits from the linearization of the forward problem, and it alleviates much of the sensitivity to sensor imperfections as well as the unknown background parameter values. In lung EIT, tidal images can be created by using a breath detector [10] providing difference voltage data that is perfectly synchronized with the time of end-expiration and endinspiration, defining the breathing cycle. For these tidal images, EIT related lung function parameters such as Center of Ventilation, Silent Spaces and ventilation distribution, etc., can then be calculated [3] .
Early EIT systems were usually designed for operation at very low frequencies, typically in the kilohertz range [11, 12] , where the conductivity of biological tissue usually is considered to be purely resistive (even though this is not entirely true [13] ). However, the need of improved image quality in both the spatial and the temporal domains is nowadays driving the development of the commercial EIT systems and their data acquisition hardware to higher speeds (typically in the range of several hundreds of kilohertz) and hence their performance requirements imply that the imaginary part of the complex valued conductivity (or admittivity) of human tissue no longer can be disregarded. Notably, this constitutes a technical challenge, but it can also be a great asset due to the additional clinical information carried by the permittivity of the tissue.
To this end, there is no fundamental limitation associated with the reconstruction of the complex valued conductivity using standard optimization algorithms such as in [4, 5, 7, 9, 11] , nor with the new developments such as the D-bar methods [14, 15] . In this paper, we investigate a mathematical/physical mechanism that can model the changes in the complex valued conductivity of a lung during tidal breathing. This is particularly interesting as it is already empirically known that the EIT pixel sum of (real valued) conductivity changes within a particular region of interest is almost linearly related to the changes in lung volume, see e.g., [12] .
A comprehensive overview on the dielectric spectral properties of biological tissue, including modeling, measurements and literature is given in [13, 16, 17] . In particular, as a realistic estimate of the background conductivity of an inflated lung we have used here the real valued conductivity and permittivity data from [13, Fig. 2e on p. 2257] which is of bovine origin. Measurement data from human tissue, and in particular from neonatal patients is obviously very difficult to obtain. Hence, in order to estimate the typical volume fraction of air during tidal breathing we have used data regarding the lung volume of an adult male and the corresponding condensed matter weight from [18] and [19] , respectively.
A basic model predicting the dielectric properties of lung tissue as a function of air content was given in [20] , and which has been followed by several other works, see e.g., [21] and [22] with references. The basic work in [20] was followed by a comprehensive study based on EIT spectroscopy measurements and an improved model taking both the air content and tissue dispersion into account [21] . In [22] is given an experimental study of dielectric properties of human lung tissue in vitro and its dependency on the air filling factor. Human lung tissue specimens from more than 100 patients were investigated with respect to the differences in the impedance spectrum for cancerous and normal tissue, and where the cancerous tissue typically show much larger conductivity values due to the deterioration of the alveolar structure. The same can also be said about interstitial pneumonia [20] , where the increased conductivity is explained by the increased thickness of the alveolar walls. Notably, the investigations on the dielectric properties of lung tissue as a function of air content in [20] and [22] are in vitro, with volume fractions of air up to about 58-60 %, whereas our estimates of the air content with reference to [18] and [19] are rather in the range 75-78 % for tidal breathing in vivo.
The dielectric measurements in [20] were made on the excised lungs of slaughtered calves in the frequency range of 5 kHz to 100 kHz, and a simple theory was developed to model the complex valued conductivity as a function of air filling. The theoretical model in [20] is based on the deformation of a cube-shaped alveolus where the conductivity is given approximately as the conductivity of the enclosing walls of a square cylinder where the volume of the (periodic) wall system is kept fixed and the cube size and the wall thickness are variable to account for the deformation of the epithelial cells and blood vessels through the expansion of the alveoli. The parameters of the model are adjusted by histological investigations. In this way, the thinning of the alveolar walls can explain the decrease of effective conductivity and permittivity of the lung as a function of an increased air filling.
In this paper, we derive an alternative physical model based on classical homogenization theory [23, 24] to predict the changes in the complex valued conductivity of a lung during tidal breathing. The lung is modeled here as a two-phase composite material where the alveolar air-filling corresponds to the inclusion phase and the exterior phase is due to the blood and tissue. The parametric model is based on classical Hashin-Shtrikman/Maxwell-Garnett theory [23, 24] and is simple and well-suited for an analytical study on the changes in the effective conductivity of the lung due to the corresponding small changes in the volume fraction of air during tidal breathing. This model is in many ways similar to that of [20] (an effective conductivity model with thinning of the alveolar walls, etc.), but it has a rigorous foundation in homogenization theory. In particular, the parametric model based on the Hashin-Shtrikman (HS) assemblage [24] comprises a fully three-dimensional homogenization of the lung tissue with ellipsoidal shaped alveoli constituting the inclusion phase. The HS assemblage furthermore accounts for the random nature of the alveolar structure, as seen in e.g., [20, Figs. 14 and 15 on p. 711], by the inherent variation of the HS scaling and positioning of the prototype ellipsoid. Hence, it may be argued from the figures in [20] that the shape of the alveoli is typically more round than square and that the close packing of alveoli at high air content can be achieved due to a large variation in their sizes, similar to the HS assemblage.
The presented parametric model predicts an almost linear relationship between the real and the imaginary parts of the changes in the complex valued conductivity of a lung during tidal breathing, and where the loss cotangent of the change is approximately the same as of the effective background conductivity and hence easy to estimate. It is expected that this a priori knowledge can be useful in the development of new improved image reconstruction algorithms exploiting complex valued measurement data, and/or to define new clinically useful outcome parameters in lung EIT. The theoretical study is based on realistic parameter choices for the conductivity of an inflated lung [13] , and hence the corresponding loss cotangent is estimated to be in the order of about cot δ = 0.2 at 200 kHz. It should be noted that, even at low frequencies, the loss cotangent of the inflated lung may not be negligible (due to the very high relative permittivity of tissue at low frequencies), and is expected to be in the order of about cot δ = 0.1 at 1 kHz. At higher frequencies, it will increase to about cot δ = 0.3 at 1 MHz [13] .
The theoretical study is illustrated with numerical examples, as well as with clinical data from the ongoing EU Horizon 2020 CRADL (Continuous Regional Analysis Device for neonate Lung) project registered at ClinicalTrials.gov (NCT02962505).
Homogenization theory based on Hashin-Shtrikman coated ellipsoids
A brief review on the classical homogenization theory based on Hashin-Shtrikman coated ellipsoids is given in this section, see [24] for an in depth derivation of the corresponding results.
Notation and conventions
The following notation and conventions will be used below. Classical electromagnetic theory is considered based on SI-units [25] , and with time convention e jωt for time harmonic fields where ω is the angular frequency. Let µ 0 , 0 and c 0 denote the permeability, the permittivity and the speed of light in vacuum, respectively, and where c 0 = 1/ √ µ 0 0 . A passive, homogeneous and isotropic dielectric material with complex valued relative permittivity = − j and real valued conductivity σ r ≥ 0 has complex valued conductivity (or admittivity) σ given by σ = σ R + jσ I where σ I = ω 0 represents the lossless capacitive part and σ R = σ r + ω 0 ≥ 0 includes both the conduction and the dielectric losses. The complex valued conductivity is conveniently written as σ = σ R (1 + jη) where η = cot δ is the loss cotangent (corresponding to the more commonly used loss tangent tan δ = σ R /σ I = 1/η). Both parameters σ R and σ I may depend on frequency, in which case they must also satisfy the associated KramersKronig relations, see e.g., [26, 27] . The cartesian unit vectors are denoted (x 1 ,x 2 ,x 3 ). Finally, the real and imaginary part and the complex conjugate of a complex number ζ are denoted {ζ}, {ζ} and ζ * , respectively. Figure 1 . The Hashin-Shtrikman coated ellipsoid assemblage. The figure illustrates a partial assemblage in a process that is completed when all space has been filled with ellipsoids. Here, E j denotes the applied electric field, e↵ j the homogenized (e↵ective) conductivity parameter and 1 and 2 the core and the exterior conductivity of the prototype ellipsoid, respectively.
Consider a general anisotropic two-phase composite material consisting of an inclusion phase with conductivity 1 and an exterior (matrix) phase with conductivity 2 and where the volume fraction of the inclusion phase is given by the parameter f . A classical homogenization approach to model such a material is given by the Hashin-Shtrikman coated ellipsoid assemblage [1] , as illustrated in figure 1. All the coated ellipsoids are scaled and translated versions of a single prototype coated ellipsoid consisting of a core (inclusion) phase with conductivity 1 and an exterior (coating) phase with conductivity 2 . The semi-axis lengths of the prototype core and exterior ellipsoids are denoted l cj and l ej , respectively, and where j = 1, 2, 3 refers to the cartesian coordinates x 1 , x 2 and x 3 , respectively. The prototype core and exterior ellipsoids are confocal in the sense that they can both be represented in the same system of elliptical coordinates as x Figure 1 . The Hashin-Shtrikman coated ellipsoid assemblage. The figure illustrates a partial assemblage in a process that is completed when all space has been filled with ellipsoids.
Here, E j denotes the applied electric field, σ eff j the homogenized (effective) conductivity parameter and σ 1 and σ 2 the core and the exterior conductivity of the prototype ellipsoid, respectively.
Consider a general anisotropic two-phase composite material consisting of an inclusion phase with conductivity σ 1 and an exterior phase with conductivity σ 2 and where the volume fraction of the inclusion phase is given by the parameter f . A classical homogenization approach to model such a material is given by the Hashin-Shtrikman coated ellipsoid assemblage [24] , as illustrated in figure 1. All the coated ellipsoids are scaled and translated versions of a single prototype coated ellipsoid consisting of a core (inclusion) phase with conductivity σ 1 and an exterior (coating) phase with conductivity σ 2 . The semi-axis lengths of the prototype core and exterior ellipsoids are denoted l cj and l ej , respectively, and where j = 1, 2, 3 refers to the cartesian coordinates x 1 , x 2 and x 3 , respectively. The prototype core and exterior ellipsoids are confocal in the sense that they can both be represented in the same system of elliptical coordinates as
where c j are constants and ρ the elliptical coordinate playing the role of the "radius". Hence, with ρ c and ρ e denoting the "radius" of the two confocal ellipsoids, we have l
which implies that
where α = ρ e − ρ c > 0 and j = 1, 2, 3. The volume of the two prototype ellipsoids are V c = 4πl c1 l c2 l c3 /3 and V e = 4πl e1 l e2 l e3 /3, and hence the volume fraction between the core phase and the total volume of the coated ellipsoid is given by
The Hashin-Shtrikman coated ellipsoid assemblage is obtained when the whole space is filled with scaled ellipsoids as indicated in figure 1 . In this way, the resulting assemblage models the general anisotropic two-phase composite material where the volume fraction f of the inclusion phase is preserved and parameterized according to (4).
The effective conductivity
Consider a single prototype coated ellipsoid with core and exterior conductivities σ 1 and σ 2 , respectively, as described in section 2.2 above. Suppose further that the prototype ellipsoid is embedded in an arbitrary homogeneous auxiliary medium with conductivity σ eff , and excited with an external static electric field E j = E 0xj aligned with the jth axis of the ellipsoid, as illustrated in figure 1 . The fundamental equations to be solved are given by
where E(r) and J (r) are the electric field intensity and the electric current density, respectively, and where σ(r) is the complex valued conductivity which is assigned the appropriate constant values (σ 1 , σ 2 , σ eff ) inside and outside the prototype ellipsoid, respectively. The electric field outside the prototype ellipsoid may furthermore be denoted E(r) = E j (r) + E s (r) where E s (r) may be thought of as the scattered field. The boundary conditions supplementing the equations in (5) are obtained from the continuity of the normal component of the current density J (r) at the media interfaces. The equations in (5) can be solved by introducing the scalar potential Φ(r) where E(r) = −∇Φ(r), and where Φ(r) satisfies the Laplace equation ∇ 2 Φ(r) = 0, together with the continuity of Φ(r) as well as the continuity of the normal current σ(r) ∂ ∂n Φ(r) at the media interfaces. Since the elliptical coordinates constitute one of the very special coordinate systems for which the Laplace operator can be separated [28] , the electrostatic problem above can be solved analytically involving ordinary functions and elliptic integrals, see e.g., [24, 28, 29] . In particular, by investigating these analytic solutions, it is found that one can choose the auxiliary medium parameter σ eff in such a way as to render the scattered field E s (r) = 0 (and at the same time there is a uniform non-zero field inside the ellipsoid core with the same polarization direction as the applied field). Hence, in this situation the prototype ellipsoid is in some sense cloaked as it does not interfere with the surrounding uniform current field. The resulting auxiliary, or effective, medium parameter σ eff j depend in general on the polarization directionx j , and is given by
where the depolarizing factors (cf., the geometrical factors in [29] , and the demagnetizing factors in [30] )
and where l 1 , l 2 and l 3 are the semi-axis lengths of the corresponding ellipsoids, and j = 1, 2, 3, see [24, p. 129] . The depolarizing factors are normalized in the sense that
Since further scaled and translated coated ellipsoids can be inserted into the effective medium without disturbing the surrounding uniform current field, the resulting Hashin-Shtrikman coated ellipsoid assemblage can finally be viewed from a macroscopic scale to have the homogeneous and anisotropic constitutive relation
where the effective conductivity dyadic σ eff is given by
The coated sphere is a special case of the coated ellipsoid with d cj = d ej = 1/3 for j = 1, 2, 3, and hence
which is identical with the classical Maxwell-Garnett mixing formula, see e.g., [23, 24] .
Spheroidal inclusions
Spheroids are particularly simple ellipsoidal shapes having rotational symmetry, and for which the corresponding depolarizing factors as well as their surface areas can be expressed by explicit formulas involving simple functions. Without loss of generality, it will be assumed here that the axis of rotation is defined by the x 1 -axis. A prolate spheroid is characterized by its semiaxis properties l 1 > l 2 = l 3 = l, and hence with depolarizing factors
The eccentricity of the prolate spheroid is defined by
and the corresponding depolarizing factor d 1 is given by
cf., e.g., [24, p. 132] and [30, pp. 352-354] . The surface area of the prolate spheroid is furthermore given by
see [31, p. 364 ]. An oblate spheroid is characterized by its semiaxis properties l 1 < l 2 = l 3 = l, and hence with depolarizing factors
The eccentricity of the oblate spheroid is defined by
cf., e.g., [24, p. 132] and [30, pp. 352-354] . The surface area of the oblate spheroid is furthermore given by
see [31, p. 364 ].
3. A parametric model for the changes in the conductivity of a lung during tidal breathing A Hashin-Shtrikman homogenization approach based on (6) is considered to model the changes in the complex valued conductivity of a lung during tidal breathing. The lung is modelled as a twophase composite material where the air-filled alveoli constitute the inclusion phase with volume fraction f and conductivity σ 1 = jω 0 corresponding to the electric displacement current in vacuum (similar as in air). The conductivity σ 2 of the exterior phase can be identified from some a priori information regarding the effective conductivity σ EI of an inflated lung. Hence, it is assumed that the conductivity of the inflated lung obtained from measurements such as in [13] can be used as an effective conductivity of the lung corresponding to a certain maximum volume fraction f EI at endinspiration, and where the alveoli have a maximally extended spherical shape. The conductivity of the exterior phase can then be obtained by solving the Maxwell-Garnett equation (10) with respect to σ 2 when the effective parameter σ eff sph = σ EI is given. This is equivalent to finding the roots of the following second order polynomial equation
and where the root of physical interest has {σ 2 } > 0 and {σ 2 } > 0 (unless the exterior phase is a Drude material with {σ 2 } < 0, etc.). Tidal breathing is then considered with small changes in alveolar air-filling where the corresponding volume fraction f changes from its maximum value f EI at end-inspiration to its minimum value f EE at end-expiration. Two fundamentally different physical modes of alveolar air-fillings are considered for the tidal breathing.
• Spherical shaped alveoli with fixed shape and varying surface area: The alveoli are assumed to have a fixed spherical shape and the volume change is obtained by a change of its radius. This implies that the surface area of the alveoli as well as the whole structure of the lung is stretched during the tidal breathing.
• Spheroidal shaped alveoli with varying shape and fixed surface area: The alveoli are assumed to have a varying spheroidal shape and the volume change is obtained by a change of its spheroidal eccentricity while keeping its surface area fixed. In this mode, the volume change of the alveoli is due solely to a change in the alveolar shape (prolongation or flattening of the spheroid) with a minor stretch in the lung structure.
With a tidal breathing based on spherical shaped alveoli (fixed shape and varying surface area) the change in conductivity is obtained from (10) as ∆σ
where f denotes the volume fraction of air-filled alveoli during tidal breathing and f EI the corresponding value at endinspiration. Hence
where f = f EI − ∆f and ∆f > 0. For a comparison with the spheroidal case below, the Hashin-Shtrikman prototype core sphere is defined to have unit radius at maximal volume fraction f EI corresponding to the surface area S 0 = 4π. With a tidal breathing based on spheroidal shaped alveoli (varying shape and fixed surface area) the change in conductivity is obtained from (6) and defined by ∆σ
The prototype core spheroids are furthermore assumed to be unit spheres at the maximal volume fraction f EI at end-inspiration, and hence from (6) and (10) ∆σ
where f = f EI − ∆f and ∆f > 0. Here, d cj and d ej are the depolarizing factors of the HashinShtrikman prototype core and exterior spheroids at volume fraction f , respectively. Since the HashinShtrikman prototype core spheroid coincides with the unit sphere at maximal volume fraction f EI , the following relation is obtained from (4)
where the product l e1 l e2 l e3 is proportional to the volume of the prototype exterior spheroid. Finally, the eccentricity ε of the prototype core spheroid as defined in (11) or (14) is used as a parameter to control the shape of the spheroid, as well as its volume fraction f < f EI .
The prototype core spheroids
Consider a prolate core spheroid with l c1 being the length of the semi-axis of rotation and l c = l c2 = l c3 the length of the orthogonal axes. Let the spheroidal eccentricity = √ 1 − t 2 be fixed, where t = l c /l c1 , 0 < t < 1 and 0 < ε < 1. The surface area of the prototype core spheroid is fixed at S = 4π, and hence (13) yields the equation 
and which can be solved for l c to yield
and l c1 = l c /t. The corresponding depolarizing factor d c1 is given by (12) and
Consider similarly an oblate core spheroid with l c1 being the length of the semi-axis of rotation and l c = l c2 = l c3 the length of the orthogonal axes. Let the spheroidal eccentricity = √ 1 − t 2 be fixed, where t = l c1 /l c , 0 < t < 1 and 0 < ε < 1. The surface area of the prototype core spheroid is fixed at S = 4π, and hence (16) yields the equation
and l c1 = tl c . The corresponding depolarizing factor d c1 is given by (15) and
The prototype external spheroids
By increasing the eccentricity ε > 0 of the prototype core spheroid while keeping its surface area fixed, its volume will decrease. Hence, by defining the volume of the prototype exterior spheroid V e = 4πl e1 l e2 l e3 /3 to be fixed, the corresponding volume fraction f of the inclusion phase will decrease. The volume fraction f for a given eccentricity ε is hence obtained from (4) and (20) as
To find the semi-axes of the prototype exterior spheroid at volume fraction f , the relations (3) of the confocal ellipsoids are now inserted into the following equation based on the definition (4)
and which is equivalent to finding the real and positive root of the algebraic equation
Once the correct real valued and positive root α has been identified, the semi-axes lengths l ej are given by (3) . The eccentricity and the depolarizing factors d ej of the prototype exterior spheroid are now given by (11) and (12) for the prolate spheroid, or by (14) and (15) for the oblate.
Sensitivity analysis for high contrast inclusions
A first order Taylor series approximation of the conductivity changes in (18) and (19) is given by
where σ eff j is given by (6) , and where the spherical case (18) is a special case of (19) for which d cj = d ej = 1/3 and (10) is used. Note that in the spheroidal case as defined above, the depolarizing factors d cj and d ej depend on f via ε.
Assume that the conductivity σ 1 of the inclusion phase is very small and negligible in comparison to the conductivity σ 2 of the exterior phase. The exact expression (6) can then be approximated by
Hence, both σ eff j and its derivative dσ
are proportional to the complex valued conductivity σ 2 of the exterior medium, and where the constant of proportionality is real valued. In particular, in the spherical case the following simple expressions are obtained
and dσ
Note that for the a priori effective conductivity σ EI of the inflated lung, (31) yields
which approximates the solution to (17) . By writing σ 2 = {σ 2 } (1 + jη), and by employing (28) and (30), it is concluded that
where η is the loss cotangent associated with the exterior phase having complex valued conductivity σ 2 . Note finally that (33) implies that
expressing that the loss cotangent of σ EI is approximately the same as of σ 2 .
Numerical examples and clinical data

Theoretical study of tidal breathing
A theoretical study on the changes in the complex valued conductivity of a lung during tidal breathing is described below. As a prerequisite for this modeling an a priori estimate of the complex valued conductivity σ EI of an inflated lung is needed. Here, the data is taken from [13 Another a priori input needed for this modeling is the range of volume fractions [f EE , f EI ] during tidal breathing. Consider e.g., the lung volume of an adult male with a functional residual capacity of 2.3 l and tidal volume 0.5 l, cf., [18] . Suppose further that the weight of the two lungs is about 0.8 kg [19] , corresponding approximately to 0.8 l of blood and tissue. The following volume fractions are then obtained
where the results have been rounded to two digits. The theoretical study based on (18) and (19) (spheres and spheroids) is illustrated in figures 2 through 4 where the changes in conductivity are plotted in the complex plane and parameterized by the volume fraction f = f EI − ∆f with ∆f ∈ [0, 0.03] and f EI = 0.78. In figures 2 and 3, it is noted that there is a fixed, almost linear relationship between the changes in the real part of the conductivity {∆σ eff } and the imaginary part {∆σ eff }. This observation is in full agreement with the theory predicted by the Taylor series approximation (28) and (34) assuming that the changes in volume fraction df = −∆f < 0 are small. Hence, the linear slopes seen in figures 2 and 3 are consistent with the theory predicted by (34) and where η = 0.22 is the loss cotangent associated with the exterior phase having complex valued conductivity σ 2 = 0.6318 (1 + j0.22). Note that this loss cotangent is also approximately the same as the one associated with the a priori (effective) background conductivity σ EI = 0.1 (1 + j0.22) according to the theory expressed in (35).
As predicted by the linearization theory expressed in (30) , the linear slopes seen in figures 2 and 3 are independent of the assumed alveoli model (spherical, A parametric model for the changes in the complex valued conductivity of a lung during tidal breathing 8
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A theoretical study on the changes in the complex valued conductivity of a lung during tidal breathing is described below. As a prerequisite for this modeling an a priori estimate of the complex valued conductivity EI of an inflated lung is needed. Here, the data is taken from [13, 1 + j0.22) . The resulting conductivity of the exterior phase is obtained from (17) and is given by 2 = 0.6318 (1 + j0.22) S/m. The complex valued conductivity of the air-filled alveoli is given by 1 = j1.1127 · 10 5 S/m, and which hence can be regarded negligible in comparison to the conductivity 2 of the exterior phase.
Another a priori input needed for this modeling is the range of volume fractions [f EE , f EI ] during tidal breathing. Consider e.g., the lung volume of an adult male with a functional residual capacity of 2.3 l and tidal volume 0.5 l, cf., [18] . Suppose further that the weight of the two lungs is about 0.8 kg [19] , corresponding approximately to 0.8 l of blood and tissue. The following volume fractions are then obtained 8 > > < > > :
where the results have been rounded to two digits. The theoretical study based on (18) and (19) (spheres and spheroids) is illustrated in figures 2 through 4 where the changes in conductivity are plotted in the complex plane and parameterized by the volume fraction f = f EI f with f 2 [0, 0.03] and f EI = 0.78. In figures 2 and 3, it is noted that there is a fixed, almost linear relationship between the changes in the real part of the conductivity <{ e↵ } and the imaginary part ={ e↵ }. This observation is in full agreement with the theory predicted by the Taylor series approximation (28) and (34) assuming that the changes in volume fraction df = f < 0 are small. Hence, the linear slopes seen in figures 2 and 3 are consistent with the theory predicted by (34) and where ⌘ = 0.22 is the loss cotangent associated with the exterior phase having complex valued conductivity 2 = 0.6318 (1 + j0.22). Note that this loss cotangent is also approximately the same as the one associated with the a priori (e↵ective) background conductivity EI = 0.1 (1 + j0.22) according to the theory expressed in (35).
As predicted by the linearization theory expressed in (30) , the linear slopes seen in figures 2 and 3 are independent of the assumed alveoli model (spherical, prolate spheroidal or oblate spheroidal), as well as of the assumed excitation polarization (excitation aligned along spheroid or orthogonal to it). It is only the magnitude of the conductivity changes that di↵er in between these di↵erent modes of alveolar air-filling and their anisotropy.
In figure 4 is illustrated the di↵erent sensitivity slopes that are obtained with a prolate spheroidal alveoli model excitet along its symmetry axis, and with di↵erent a priori assumed background conductivities
As before, the resulting change in Figure 2 . Change in the effective lung conductivity parameter ∆σ eff , plotted in the complex plane. The resulting change in complex conductivity ∆σ eff = σ eff (f ) − σ eff (f EI ) is plotted for volume fractions ranging from f EI = 0.78 to f EE = 0.75 where the last value at f EE is indicated with the corresponding plot symbol. The plot shows results with a prolate spheroidal alveoli (constant surface area and increasing eccentricity, hence decreasing volume) in comparison with a spherical alveoli (decreasing volume).
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Theoretical study of tidal breathing
A theoretical study on the changes in the complex valued conductivity of a lung during tidal breathing is described below. As a prerequisite for this modeling an a priori estimate of the complex valued conductivity EI of an inflated lung is needed. Here, the data is taken from [13, Another a priori input needed for this modeling is the range of volume fractions [f EE , f EI ] during tidal breathing. Consider e.g., the lung volume of an adult male with a functional residual capacity of 2.3 l and tidal volume 0.5 l, cf., [18] . Suppose further that the weight of the two lungs is about 0.8 kg [19] , corresponding approximately to 0.8 l of blood and tissue. The following volume fractions are then obtained 8 > > < > > :
where the results have been rounded to two digits. The theoretical study based on (18) and ( prolate spheroidal or oblate spheroidal), as well as of the assumed excitation polarization (excitation aligned along spheroid or orthogonal to it). It is only the magnitude of the conductivity changes that di↵er in between these di↵erent modes of alveolar air-filling and their anisotropy.
As before, the resulting change in Figure 3 . Change in the effective lung conductivity parameter ∆σ eff , plotted in the complex plane. The resulting change in complex conductivity ∆σ eff = σ eff (f ) − σ eff (f EI ) is plotted for volume fractions ranging from f EI = 0.78 to f EE = 0.75 where the last value at f EE is indicated with the corresponding plot symbol. The plot shows results with an oblate spheroidal alveoli (constant surface area and increasing eccentricity, hence decreasing volume) in comparison with a spherical alveoli (decreasing volume).
prolate spheroidal or oblate spheroidal), as well as of the assumed excitation polarization (excitation aligned along spheroid or orthogonal to it). It is only the magnitude of the conductivity changes that differ in between these different modes of alveolar air-filling and their anisotropy.
In figure 4 is illustrated the different sensitivity slopes that are obtained with a prolate spheroidal alveoli model excitet along its symmetry axis, and with different a priori assumed background conductivities σ EI = σ complex valued conductivity e↵ = e↵ (f ) e↵ (f EI ) is plotted for volume fractions ranging from f EI = 0.78 to f EE = 0.75 where the last value at f EE is indicated with the corresponding plot symbol. Note that the corresponding changes e↵ are directly proportional to 2 by (30), or EI by (33).
Suboptimal imaging of permittivity based on EIT trained for real valued data
The clinical study that is referred to below has been performed within the EU-funded project CRADL, cf., ClinicalTrials.gov (NCT02962505). The EIT voltage data from each neonatal patient is acquired using the CRADL device (Swisstom Landquart, Switzerland) using a textile sensor belt around the chest comprising 32 electrodes, and measured at an operating frequency of about 200 kHz, down-converted and digitized at a sampling rate of 48 Hz. A four-point measurement strategy is employed using pairs of current stimulation and voltage measurement electrodes having an internal distance of 5 sensors. To avoid amplifier saturation the measurements are omitted when measurement electrodes are at a distance smaller than or equal to 2 sensors from the stimulation electrodes. The electronics of the measurement equipment allows for high precision in-phase and quadrature-phase (I/Q) measurements and hence complex valued data is stored.
The aim of the present study is to demonstrate that there is a non-negligible imaginary part of the data that may have a potential for clinical use. In particular, the theoretical study above show that the change in the imaginary part of the conductivity is expected to be in the order of about 20 % of the corresponding change in the real part during tidal breathing (⌘ = 0.22 in the theoretical study above).
To start with, we will give a brief motivation to why the reconstruction matrix optimized using the GREIT algorithm and real valued data and parameters, is also expected to be (suboptimally) useful for reconstruction of the imaginary part of the conductivity. Using the GREIT algorithm, a real valued reconstruction matrix R is chosen to optimize the criterion
where the index k refers to a sequence of training data,
the chosen perturbations in the real valued conductivity, v (k) the corresponding changes in the real valued voltage data obtained by using a forward model based on Finite Element Modeling (FEM) and some particular stimulation patters, and W (k) a weighting matrix chosen according to some a priori weighting with respect to the training set, cf., [9] . Assuming that the changes in conductivity are small, a first order Taylor series approximation at the background conductivity profile R can be used to express the changes as
where v (k) and Suppose now that the background conductivity R is changed by adding an imaginary part so that = R + j I . In a corresponding complex algorithm, a complex valued reconstruction matrix R c would now be chosen to optimize the criterion
where
denotes the chosen complex valued conductivity perturbations and v (k) c the corresponding changes in the voltage data obtained by using the same forward model v( ). Again, by assuming that the changes in conductivity are small in relation to the real valued background conductivity R , a first order Taylor series approximation at R can be used to express the changes as
where the Jacobian matrix is the same as in (38). Assuming that the same real valued perturbations to f EE = 0.75 where the last value at f EE is indicated with the corresponding plot symbol. Note that the corresponding changes ∆σ eff are directly proportional to σ 2 by (30), or σ EI by (33).
The aim of the present study is to demonstrate that there is a non-negligible imaginary part of the data that may have a potential for clinical use. In particular, the theoretical study above show that the change in the imaginary part of the conductivity is expected to be in the order of about 20 % of the corresponding change in the real part during tidal breathing (η = 0.22 in the theoretical study above).
where the index k refers to a sequence of training data, ∆σ
the chosen perturbations in the real valued conductivity, ∆v (k) the corresponding changes in the real valued voltage data obtained by using a forward model based on Finite Element Modeling (FEM) and some particular stimulation patters, and W (k) a weighting matrix chosen according to some a priori weighting with respect to the training set, cf., [9] . Assuming that the changes in conductivity are small, a first order Taylor series approximation at the background conductivity profile σ R can be used to express the changes as
where ∆v (k) and ∆σ Suppose now that the background conductivity σ R is changed by adding an imaginary part so that σ = σ R + jσ I . In a corresponding complex algorithm, a complex valued reconstruction matrix R c would now be chosen to optimize the criterion
where ∆σ (k) = ∆σ
denotes the chosen complex valued conductivity perturbations and ∆v
the corresponding changes in the voltage data obtained by using the same forward model v(σ). Again, by assuming that the changes in conductivity are small in relation to the real valued background conductivity σ R , a first order Taylor series approximation at σ R can be used to express the changes as
where the Jacobian matrix is the same as in (38). Assuming that the same real valued perturbations ∆σ
R will be used as in (37), we can write ∆σ (k) = ∆σ
where η (k) is a real valued parameter. Hence, by using (38), (40) and (41) it is seen that
which yields the following criterion based on (39)
Now, according to the theoretical results of section 3, and in particular (34) which are illustrated in section 4.1, it is expected that the real and imaginary parts of the changes in conductivity of a lung during tidal breathing will follow the linear relationship
where η is a real valued constant. This means that that the factor 1 + jη (k) in (43) should be independent of k with η (k) = η, and hence that the optimal solution R c in (43) coincides with the optimal solution R in (37). In conclusion, based on the assumptions of small changes with linear approximations as in (38) and (40), together with training sequences ∆σ (k) following the linear relationship (44), it is expected that the choice R c = R will yield a suboptimal solution to (39) that can be useful also for the reconstruction of the imaginary part of the complex valued conductivity.
A comparison with clinical data
As an illustration of its potential clinical use, the presented theory is employed here in a comparison with a small set of clinical data collected within the CRADL project, as mentioned above. The EIT data from one mechanically ventilated neonatal patient (weight 1400 g and gestational age 29 weeks) is included in the examples below, as shown in Figures  5 through 12 . Two sequences of data have been included in these examples, one with a somewhat unstable breathing period shown in figures 5 through 8, and one with a more stable ventilation as shown in figures 9 through 12. The figures 5 and 9 illustrate the corresponding breathing signals comprising the sum of all reconstructed image pixels of real valued conductivity changes, and which is the input for the breath detection [10] .
Based on the identified timing of end-expiration and end-inspiration, a tidal image at a particular breath is then obtained by applying a precalculated real valued reconstruction matrix to the corresponding voltage difference data (end-expiration data minus end-inspiration data), as described in section 4.2. Figures 6 through 8, and 10 through 12 show the A parametric model for the changes in the complex valued conductivity of a lung during tidal breathing 10 (k) R will be used as in (37), we can write
where ⌘ (k) is a real valued parameter. Hence, by using (38), (40) and (41) it is seen that
where ⌘ is a real valued constant. This means that that the factor 1 + j⌘ (k) in (43) should be independent of k with ⌘ (k) = ⌘, and hence that the optimal solution R c in (43) coincides with the optimal solution R in (37). In conclusion, based on the assumptions of small changes with linear approximations as in (38) and (40), together with training sequences (k) following the linear relationship (44), it is expected that the choice R c = R will yield a suboptimal solution to (39) that can be useful also for the reconstruction of the imaginary part of the complex valued conductivity.
As an illustration of its potential clinical use, the presented theory is employed here in a comparison with a small set of clinical data collected within the CRADL project, as mentioned above. The EIT data from one mechanically ventilated neonatal patient (weight 1400 g and gestational age 29 weeks) is included in the examples below, as shown in Figures  5 through 12 . Two sequences of data has been included in these examples, one with a somewhat unstable breathing period shown in figures 5 through 8, and one with a more stable ventilation as shown in figures 9 through 12. The figures 5 and 9 illustrate the corresponding breathing signals comprising the sum of all reconstructed image pixels of real valued conductivity changes, and which is the input for the breath detection [10] .
Based on the identified timing of end-expiration and end-inspiration, a tidal image at a particular breath is then obtained by applying a precalculated real valued reconstruction matrix to the corresponding A parametric model for the changes in the complex valued conductivity of a lung during tidal breathing 10 (k) R will be used as in (37), we can write
Based on the identified timing of end-expiration and end-inspiration, a tidal image at a particular breath is then obtained by applying a precalculated real valued reconstruction matrix to the corresponding voltage di↵erence data (end-expiration data minus end-inspiration data), as described in section 4.2. reconstructed pixel values and tidal images at breath no. 88-92 and 262-266, respectively, for both the real and the imaginary part of the complex valued conductivity changes. The upper figures show the complex valued pixels in a comparison with the presented homogenization theory of section 3, and in particular (34) where ∆σ = {∆σ} (1 + jη) and where η = 0.22 (dashed line), as described in section 4.1. The red and blue circles indicate pixels from the left lung and the right lung, respectively. The lower plots show tidal images of the real and the imaginary parts of the reconstructed conductivity changes, respectively, with the corresponding contours of the left lung, the right lung and the heart indicated within the figure (the right lung contour appears on the left-hand side of the figures, etc.). of the reconstructed conductivity changes, respectively, with the corresponding contours of the left lung, the right lung and the heart indicated within the figure (the right lung contour appears on the left-hand side of the figures, etc.). As can be seen from these figures, the reconstructed pixel values agree quite well with the theory that predicts the linear relationship = <{ } (1 + j⌘) for a lung during tidal breathing. On the other hand, we will also stress here that these images have been chosen deliberately with the purpose to illustrate the theory, and many other tidal images can not be interpreted in the same favorable way. However, one should also keep in mind that there can be external disturbances and/or other competing conductivity mechanisms that are present during the measurements. The figure 8 (at breath no. 92) is particularly interesting, as it is only the left lung pixels that show a clear linear "correlation" as predicted by theory, and it is also only the left lung that appears in full contrast in the imaging of both the real and the imaginary part of the conductivity change. A hypothetical interpretation of this image is that it is only the left lung that is properly ventilated during this particular breath, and what is seen in the real valued conductivity change in the right lung could instead be caused by a change in blood perfusion, gas concentration, muscle of the reconstructed conductivity changes, respectively, with the corresponding contours of the left lung, the right lung and the heart indicated within the figure (the right lung contour appears on the left-hand side of the figures, etc.). As can be seen from these figures, the reconstructed pixel values agree quite well with the theory that predicts the linear relationship = <{ } (1 + j⌘) for a lung during tidal breathing. On the other hand, we will also stress here that these images have been chosen deliberately with the purpose to illustrate the theory, and many other tidal images can not be interpreted in the same favorable way. However, one should also keep in mind that there can be external disturbances and/or other competing conductivity mechanisms that are present during the measurements. The figure 8 (at breath no. 92) is particularly interesting, as it is only the left lung pixels that show a clear linear "correlation" as predicted by theory, and it is also only the left lung that appears in full contrast in the imaging of both the real and the imaginary part of the conductivity change. A hypothetical interpretation of this image is that it is only the left lung that is properly ventilated during this particular breath, and what is seen in the real valued conductivity change in the right lung could instead be caused by a change in blood perfusion, gas concentration, muscle Figure 8 . Same as in figure 6 , at breath no. 92.
As can be seen from these figures, the reconstructed pixel values agree quite well with the theory that predicts the linear relationship ∆σ = {∆σ} (1 + jη) for a lung during tidal breathing. On the other hand, we will also stress here that these images have been chosen deliberately with the purpose to illustrate the theory, and many other tidal images can not be interpreted in the same favorable way. However, one should also keep in mind that there can be external disturbances and/or other competing conductivity mechanisms that are present during the measurements.
The figure 8 (at breath no. 92) is particularly interesting, as it is only the left lung pixels that show a clear linear "correlation" as predicted by theory, and it is also only the left lung that appears in full contrast in the imaging of both the real and the imaginary A parametric model for the changes in the complex valued conductivity of a lung during tidal breathing 11 of the reconstructed conductivity changes, respectively, with the corresponding contours of the left lung, the right lung and the heart indicated within the figure (the right lung contour appears on the left-hand side of the figures, etc.). As can be seen from these figures, the reconstructed pixel values agree quite well with the theory that predicts the linear relationship = <{ } (1 + j⌘) for a lung during tidal breathing. On the other hand, we will also stress here that these images have been chosen deliberately with the purpose to illustrate the theory, and many other tidal images can not be interpreted in the same favorable way. However, one should also keep in mind that there can be external disturbances and/or other competing conductivity mechanisms that are present during the measurements. The figure 8 (at breath no. 92) is particularly interesting, as it is only the left lung pixels that show a clear linear "correlation" as predicted by theory, and it is also only the left lung that appears in full contrast in the imaging of both the real and the imaginary part of the conductivity change. A hypothetical interpretation of this image is that it is only the left lung that is properly ventilated during this particular breath, and what is seen in the real valued conductivity change in the right lung could instead be caused by a change in blood perfusion, gas concentration, muscle of the reconstructed conductivity changes, respectively, with the corresponding contours of the left lung, the right lung and the heart indicated within the figure (the right lung contour appears on the left-hand side of the figures, etc.). As can be seen from these figures, the reconstructed pixel values agree quite well with the theory that predicts the linear relationship = <{ } (1 + j⌘) for a lung during tidal breathing. On the other hand, we will also stress here that these images have been chosen deliberately with the purpose to illustrate the theory, and many other tidal images can not be interpreted in the same favorable way. However, one should also keep in mind that there can be external disturbances and/or other competing conductivity mechanisms that are present during the measurements. The figure 8 (at breath no. 92) is particularly interesting, as it is only the left lung pixels that show a clear linear "correlation" as predicted by theory, and it is also only the left lung that appears in full contrast in the imaging of both the real and the imaginary part of the conductivity change. A hypothetical interpretation of this image is that it is only the left lung that is properly ventilated during this particular breath, and what is seen in the real valued conductivity change in the right lung could instead be caused by a change in blood perfusion, gas concentration, muscle part of the conductivity change. A hypothetical interpretation of this image is that it is only the left lung that is properly ventilated during this particular breath, and what is seen in the real valued conductivity change in the right lung could instead be caused by a change in blood perfusion, gas concentration, muscle contractions, etc., without much alveoli ventilation.
Possible clinical applications
The main conclusion from the theoretical analysis in this paper is that the loss cotangent of the change in the complex valued conductivity of a lung during tidal breathing is expected to be the same as of the effective background conductivity. Hence, the presence of a linear relationship between the corresponding real and imaginary components could serve as part contractions, etc., without much alveoli ventilation.
The main conclusion from the theoretical analysis in this paper is that the loss cotangent of the change in the complex valued conductivity of a lung during tidal breathing is expected to be the same as of the e↵ective background conductivity. Hence, the presence of a linear relationship between the corresponding real and imaginary components could serve as part of a "quality indicator" for an EIT image, i.e., to determine if the image can be trusted as representing primarily tidal ventilation and not some sort of artifact. As was indicated above with reference to figure 8 , this observation could also be used as an indicator to distinguish when the right and/or the left lung is properly ventilated in contrast to other competing physiological mechanisms of conductivity change (blood perfusion, muscle contractions, etc) and which are not expected to follow the same linear law as with the normal tidal breathing. Another potentially interesting application is based on the assumption that the actual background conductivity of the lung is correlated with pulmonary fluid content. Pulmonary edema, which is a clinically relevant pathology both in adults and neonates, is characterized by an increase in pulmonary fluid content [32] . Hence, a change in the loss cotangent of the linear relationship between the real and imaginary part might be clinically useful for the detection of pulmonary edema.
Uncertainties
One parameter of major uncertainty in this study is the actual volume fraction f of air during tidal breathing. However, since there is a very high contrast between the complex valued conductivity of air and tissue, the sensitivity analysis of section 3.3 is valid showing that the result (34) is independent of f . Furthermore, the loss cotangent ⌘ of 2 = <{ 2 } (1 + j⌘) is essentially the same as the loss cotangent of the a priori parameter EI , as expressed in (33) and (35). Hence, an uncertainty in the volume fraction f EI at end-inspiration (where EI is given) will only a↵ect the magnitude of the estimated parameter 2 , and it will not a↵ect the estimated loss cotangent ⌘ nor the conclusion made in relation to (34).
Another uncertainty related to the measured CRADL EIT data described in section 4.3 above is due to the fact that the measured I and Q data have been rotated already in the hardware in order to minimize the imaginary (Q) part of the data. The main purpose of this procedure is to minimize the e↵ect of the phase shifts in the internal electronics as well as in the stray capacitances in leads and electrodes, etc. However, this means also that there is an unknown rotation angle present in the data relating to a "true" resistive background. Notably, since the reconstruction matrix in our case is real valued, the presence of the unknown rotation angle means simply that our actual estimates are also rotated as
where t R and t I are the desired "true" estimates that would have resulted if the calibration would have been carried out by using a "true" resistive phantom. contractions, etc., without much alveoli ventilation.
Possible clinical applications
Uncertainties
Another uncertainty related to the measured CRADL EIT data described in section 4.3 above is due to the fact that the measured I and Q data have been rotated already in the hardware in order to minimize the imaginary (Q) part of the data. The main purpose of this procedure is to minimize the e↵ect of the phase shifts in the internal electronics as well as in the stray capacitances in leads and electrodes, etc. However, this means also that there is an unknown rotation angle present in the data relating to a "true" resistive background. Notably, since the reconstruction matrix in our case is real valued, the presence of the unknown rotation angle means simply that our actual estimates are also rotated as 
where t R and t I are the desired "true" estimates that would have resulted if the calibration would have been carried out by using a "true" resistive phantom. of a "quality indicator" for an EIT image, i.e., to determine if the image can be trusted as representing primarily tidal ventilation and not some sort of artifact. As was indicated above with reference to figure 8, this observation could also be used as an indicator to distinguish when the right and/or the left lung is properly ventilated in contrast to other competing physiological mechanisms of conductivity change (blood perfusion, muscle contractions, etc) and which are not expected to follow the same linear law as with the normal tidal breathing.
Another potentially interesting application is based on the assumption that the actual background conductivity of the lung is correlated with pulmonary fluid content. Pulmonary edema, which is a clinically relevant pathology both in adults and neonates, is characterized by an increase in pulmonary fluid content [32] . Hence, a change in the loss cotangent of the linear relationship between the real and imaginary part might be clinically useful for the detection of pulmonary edema.
One parameter of major uncertainty in this study is the actual volume fraction f of air during tidal breathing. However, since there is a very high contrast between the complex valued conductivity of air and tissue, the sensitivity analysis of section 3.3 is valid showing that the result (34) is independent of f . Furthermore, the loss cotangent η of σ 2 = {σ 2 } (1 + jη) is essentially the same as the loss cotangent of the a priori parameter σ EI , as expressed in (33) and (35). Hence, an uncertainty in the volume fraction f EI at end-inspiration (where σ EI is given) will only affect the magnitude of the estimated parameter σ 2 , and it will not affect the estimated loss cotangent η nor the conclusion made in relation to (34).
Another uncertainty related to the measured CRADL EIT data described in section 4.3 above is due to the fact that the measured I and Q data have been rotated already in the hardware in order to minimize the imaginary (Q) part of the data. The main purpose of this procedure is to minimize the effect of the phase shifts in the internal electronics as well as in the stray capacitances in leads and electrodes, etc. However, this means also that there is an unknown rotation angle φ present in the data relating to a "true" resistive background. Notably, since the reconstruction matrix in our case is real valued, the presence of the unknown rotation angle φ means simply that our actual estimates are also rotated as σ R = σ 
where σ t R and σ t I are the desired "true" estimates that would have resulted if the calibration would have been carried out by using a "true" resistive phantom. Obviously, the two sets of estimates {σ R , σ I } and {σ t R , σ t I } are equivalent in the sense of the linear and bijective rotation operation. However, for an EIT instrumentation that is designed to image the real valued conductivity, it is desirable to have φ as small as possible. Hence, in a future investigation to exploit the complex valued data as described above, a thorough calibration procedure should be included to eliminate the phase uncertainty in the complex valued measurements.
Summary and conclusions
A theoretical model based on classical homogenization theory and the Hashin-Shtrikman coated ellipsoids has been derived to model the changes in the complex valued conductivity of a lung during tidal breathing. Here, the alveolar air-filling corresponds to the inclusion phase of the two-phase composite material. The model predicts a linear relationship between the real and the imaginary parts of the changes in the complex valued conductivity of a lung during tidal breathing, and where the loss cotangent of the change is approximately the same as of the effective background conductivity. Hence, even though the magnitude of the change depend on the chosen ellipsoidal model, the loss cotangent of the change is virtually independent of the shape and orientation (anisotropy) of the alveoli. The theory has been illustrated with numerical examples, as well as by using reconstructed EIT images based on measurement data from the ongoing CRADL study. The new theory may have a potential for a development of new improved image reconstruction algorithms exploiting complex valued measurement data, and/or to define new clinically useful outcome parameters in lung EIT.
